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Abstrat
Let X be a ompat Kähler manifold of dimension k and T be a positive
losed urrent on X of bidimension (p, p) (1 ≤ p < k − 1). We onstrut a
ontinuous linear transform Lp(T ) of T whih is a positive losed urrent on X
of bidimension (k−1, k−1) whih has the same Lelong numbers as T . We dedue
from that onstrution self-intersetion inequalities for positive losed urrents
of any bidegree.
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1 Introdution
Let C be a singular algebrai urve of degree d in P2. Bézout's theorem implies that the
number of intersetions near all the singularities between C and a small perturbation
of C using an automorphism satises:∑
n
dn(dn − 1) ≤ d
2,
where the dn are the multipliity of the singularities (we refer the reader to the survey
[Dem92a℄ for more on that topi). Let (X,ω) be a ompat Kähler manifold of dimen-
sion k. Here ω is a xed Kähler form. We want to extend that inequality to the ase
where C is replaed by a variety of any bidimension. Two main diulties appear: one
annot perturb the variety, and the self-intersetion is not dened for varieties of small
dimension. That is why we work on the more general ase of positive losed urrents
on X . In the ase of urrents, the multipliity of the singularities are replaed by the
Lelong numbers.
Let T be a positive losed urrent of bidimension (p, p) in X . Let Ec (c > 0)
denotes the set of point z ∈ X where the Lelong number ν(T, z) of T at z is stritly
larger than c. Siu's theorem implies that Ec is an analyti subset of X (possibly
empty) of dimension ≤ p [Siu74℄. Dene bq := inf{c > 0, dimEc ≤ q} and b−1 :=
maxx∈X ν(T, x). Then 0 = bp ≤ · · · ≤ b−1. For c ∈]bq, bq−1], the dimension of
Ec is equal to q. So at bq, there is a jump in the dimension for the analyti set
Ec. Let (Zq,n)n≥1 be the at most ountable family of irredutible omponents of
dimension q of the Ec for c ∈]bq, bq−1]; note that (Zq,n)n≥1 is nite if bq > 0. Let
νq,n := minx∈Zq,n ν(T, x) ∈]bq, bq−1] be the generi Lelong number of T on Zq,n. Then
we obtain:
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Theorem 1.1 Let T be a positive losed urrent of bidimension (p, p) on X. Then
with the above notation, for q ≤ p we have:∑
n≥1
(νq,n − bp) . . . (νq,n − bq)‖Zq,n‖ ≤ C‖T ‖
p+1−q, (1)
where C is a onstant whih depends only on (X,ω), ‖T ‖ denotes the mass of the
urrent T and ‖Zq,n‖ denotes the mass of the urrent of integration on Zq,n.
Of ourse we an apply that inequality to the ase where T is the urrent of integration
on subvarieties of X . Note that ‖Zq,n‖ is equal to q! times the volume of Zq,n. We
refer to [DS07a℄ for a reent appliation of suh inequalities in omplex dynamis. In
that paper, the authors prove that the normalized pull-bak by fn of a generi hyper-
surfae (in the Zariski sense) onverges to the Green urrent of f for a holomorphi
endomorphism f of Pk.
For p = k−1, the inequality was proved by Demailly using a regularization of quasi
plurisubharmoni funtions in [Dem92b℄ (with C = 1 when X = Pk). Méo extended
the result to the ase of any bidimension for X projetive [Méo98℄. The key point of
his proof is that for a urrent of bidimension (p, p) in Pk, he onstruted a positive
losed urrent of bidegree (1, 1) having the same degree than T and the same Lelong
numbers. Suh urrents were onstruted in Ck by Lelong and Skoda in [Lel68℄ and
[Sko72℄. They used a kernel in order to express the potential of the bidegree (1, 1)
urrent. Méo used a geometri approah taking advantage of the fat that the family
of projetive subspaes of dimension p in Pk is very rih. The ase of projetive man-
ifolds is then dedued from an embedding of X in some PN .
Theorem 1.1 generalizes this result to the Kähler ase. For that, we use an approah
inspired by [DS04b℄ (see also [BGS94℄, [GS91℄ and [DS04a℄). Let T be a positive losed
urrent of bidimension (p, p) onX for 1 ≤ p < k−1. Consider the anonial projetions
π1, π2 : X ×X → X and let π : X˜ ×X → X ×X be the blow-up of X ×X along the
diagonal ∆ of X ×X . We modify the pull-bak by π2 of the urrent T by multiplying
it by a suitable form Θ and then we push it forward to X by π1. The form Θ is
smooth outside ∆. It is dened as (π∗(Ω˜))
p+1
where Ω˜ is a Kähler form in X˜ ×X.
This is what we all the Lelong-Skoda transform Lp(T ) of the urrent T . The Lelong-
Skoda transform is a ontinuous linear operator whih sends positive losed urrents
of bidimension (p, p) to positive losed urrents of bidegree (1, 1). The Lelong-Skoda
transform is linear in the sense that it is linear on the spae of urrents spanned by
positive losed urrents. We show in Theorem 3.1 below that Lp(T ) has the same
Lelong number than T at every point. We then prove Theorem 1.1 in the same way
than in [Méo98℄. We will also give some properties of the Lelong-Skoda transform.
Finally, we extend the results to the ase of harmoni urrents.
2 Lelong-Skoda transform
For z = (z1, . . . , zm) ∈ C
m
, we use the notation |z| := (
∑
j |zj |
2)1/2. Consider a om-
pat Kähler manifold Y of dimension m endowed with a Kähler form θ. We denote
by Cp(Y ) the one of positive losed urrents of bidimension (p, p) in Y on whih we
onsider the usual weak topology. For T ∈ Cp(Y ), let ‖T ‖ :=
∫
Y
T ∧ θp be the mass
of T . Note that this mass depends only on the lass of T in the Hodge ohomology
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group Hm−p,m−p(Y,C). We refer the reader to the book of Voisin [Voi02℄ for basis
on ompat Kähler manifolds.
We reall some basi fats on Lelong numbers. See [Dem93℄ for proofs and details
and also [FS95℄ for results on intersetion theory of urrents. For a ∈ Y and T ∈ Cp(Y ),
we onsider a hart V around a in whih the oordinates are given by x. For simpliity,
assume a is given by 0 here. Then for r > 0, the positive measure T (x)∧ (ddc log |x|)p
is well dened by [Dem93℄ and we dene the quantities:
ν(T, 0, r) :=
∫
|x|<r
T (x) ∧ (ddc log |x|)p
ν(T, 0) := lim
r→0
∫
|x|<r
T (x) ∧ (ddc log |x|)p.
The quantity ν(T, 0) is alled the Lelong number of T at 0 and does not depend on
the hoie of the oordinates x (so it is well dened on manifolds). It is the mass at 0
of the measure T (x) ∧ (ddc log |x|)p. We have the equivalent denition:
ν(T, 0) = lim
r→0
r−2p
∫
|x|<r
T ∧ (
1
2
ddc|x|2)p.
It follows that the funtion S → ν(S, 0) is a linear form from the vetor spae spanned
by positive losed urrents, so the Lelong number is well dened for a dierene of
positive losed urrents.
We give now a geometrial interpretation of the Lelong number that we will use
latter. Let ı : Y˜ → Y denote the blow-up of Y at a and H := ı−1(a) the exeptional
divisor. Then H ≃ Pm−1 and we put on H the Fubini-Study form ωFS normalized
by
∫
Pm−1
ωm−1FS = 1. Let V and x be as above. Consider a sequene (Tn) of smooth
positive losed urrents of bidimension (p, p) in V with Tn → T in the sense of urrents
in V . We an obtain (Tn) using a onvolution operator. Let T˜ be a luster value of
the (bounded) sequene (ı∗(Tn)). In bidegree (1, 1), T˜ is unique and does not depend
on (Tn), this is not true in higher bidegree. Then we have the haraterization:
Lemma 2.1 With the above notation, the Lelong number ν(T, 0) is the mass of T˜ on
H. In partiular, that mass does not depend on the hoie of (Tn).
Proof. Observe that ı−1(V ) = {(x, [u]) ∈ V ×Pm−1, x ∈ [u]}. Write x = (x1, . . . , xm)
and u = [u1 : · · · : um]. Let  : ı
−1(V ) → V × Pm−1 be the anonial holomorphi
injetion. Pull-baks by  of positive losed smooth forms are positive losed smooth
forms. Let p : V × Pm−1 → Pm−1 be the projetion on the seond fator and reall
that ωFS is the Fubini-Study form on P
m−1
. We endow V × Pm−1 with the form
p∗(ωFS). We onsider the form 
∗(p∗(ωFS)) on ı
−1(V ). The restrition of ∗(p∗(ωFS))
to H is indeed ωFS so we write for simpliity ωFS([u]) instead of 
∗(p∗(ωFS))(x, [u]),
and we drop the [u] when there an be no onfusion. In the hart of ı−1(V ) where
u1 = 1, write u = [1 : u2 : · · · : um] and onsider the oordinates (X1, . . . , Xm) given
by X1 = x1, X2 = u2, . . . , Xm = um (so Xi = xi/x1 for i > 1) in whih H is given
by (X1 = 0). In these oordinates, the form ωFS is:
ωFS([u]) =
1
2
ddc log(1 + |X2|
2 + · · ·+ |Xm|
2).
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Sine ddc log |x1| = 0 for x1 6= 0 and (dd
c log |x|)p does not harge the point x = 0 for
p < k, we have that:
ı∗(ωFS([u])) = dd
c log |x|
ı∗(ωFS([u])
p) = (ddc log |x|)p.
Observe that we onsider the push-forward of a smooth form and not ı∗(ddc log |x|)
whih is the pull-bak of a urrent; indeed to have the "good" ontinuity's properties
one should write ı∗(ddc log |x|) = ωFS([u]) + [H ]. Consider a smooth psh funtion f
that oinides with log |x| for |x| > r/2. Then Stokes formula gives that ν(T, 0, r′) =
‖T ∧ (ddcf)p‖Br′ for r
′ > r/2 (Br′ is the ball of enter 0 and radius r
′
). Then
Tn ∧ (dd
cf)p → T ∧ (ddcf)p in the sense of measures. In partiular, for ε > 0 small
enough, we have:
ν(T, 0, (1− 2ε)r) ≤ lim
n→∞
∫
B(1−ε)r
Tn ∧ (dd
cf)p ≤ ν(T, 0, r).
Again, Stokes formula gives that
∫
B(1−ε)r
Tn ∧ (dd
cf)p = ν(Tn, 0, (1− ε)r), so:
ν(T, 0) = lim
r→0
lim
n→∞
ν(Tn, 0, r). (2)
Now, for Tn smooth the urrent ı
∗(Tn) is a well dened smooth form so:
ν(Tn, 0, r) =
∫
|x|<r
Tn(x) ∧ (dd
c log |x|)p
=
∫
ı−1(|x|<r)
ı∗(Tn(x)) ∧ ω
p
FS .
By denition of weak onvergene we have for a set of r of full measure that:
lim
n→∞
(∫
ı−1(|x|<r)
ı∗(Tn(x)) ∧ ω
p
FS
)
→
∫
ı−1(|x|<r)
T˜ ∧ ωpFS.
So:
ν(T, y) = lim
r→0
∫
ı−1(|x|<r)
T˜ ∧ ωpFS .
The restrition to H of ωpFS is the Fubini-Study form on H at the power p. We
deompose T˜ = T˜1 + T˜2 where T˜1 is the restrition of T˜ to H and T˜2 the restrition of
T˜ to i−1(V )\H (T˜2 an also be dened as the trivial extension of ı
∗(T ) dened outside
H). In other words:
ν(T, 0) = 〈T˜1, ω
p
FS〉,
so ν(T, 0) an be interpreted geometrially as the mass of the urrent T˜ on the exep-
tional divisor. 
Let X be a ompat Kähler manifold of dimension k. Let ∆ denote the diagonal
in X × X and π : X˜ ×X → X × X the blow-up of X × X along ∆. Then X˜ ×X
is a ompat Kähler manifold by Blanhard [Bla56℄. Fix a Kähler form Ω˜ on X˜ ×X
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and dene Ω := π∗(Ω˜). Then Ω is a positive losed (1, 1) urrent smooth outside ∆
and that does not harge ∆. Observe that for p < k− 1, Ωp+1 = π∗(Ω˜
p+1) sine those
two positive losed urrents oinide outside ∆ and annot harge ∆ sine they are of
bidimension > k = dim(∆). Dene ∆˜ := π−1(∆).
Let π1 and π2 denote the anonial projetions fromX×X to its fators and denote
π˜i := πi ◦ π. Then πi, π˜i are submersions (see [DS04b℄) so push-forward and pull-bak
by πi and π˜i of positive losed urrents are well dened operators whih are ontinuous
for the topology of urrents. The mass of Ω˜∧ [π˜2
−1
(y)] does not depend on y ∈ X for
ohomologial reasons and is positive sine Ω˜ is a Kähler form. So renormalizing Ω˜
if neessary, we an assume that this mass is equal to 1. The following result gives a
desription of the singularities of Ω near ∆ and explains our hoie of Ω (see also the
denition of Lelong number):
Proposition 2.2 The form Ω admits loally a potential ϕ that is ddcϕ = Ω where ϕ
is a psh funtion suh that ϕ(∗)− log dist(∗,∆) is bounded.
The problem is loal so we let U be a hart of X × X in whih we onsider the
oordinates (z, w) suh that ∆ is given by z = 0 here and π2(z, w) = w. So dist(∗,∆)
is equivalent to |z| here. Then π−1(U) = {(z, w, [u]) ∈ U × Pk−1, z ∈ [u]} and ∆˜ is
given by (z = 0) here.
As above, onsider on π−1(U) the smooth form ωFS([u]) then α˜ := Ω˜−ωFS([u]) is
a smooth losed form of bidegree (1, 1) suh that
∫
P
k−1
w
α˜ ∧ Ω˜k−2 = 0 (where Pk−1w :=
{(0, w, [u]), [u] ∈ Pk−1}). The idea is to show that α˜ is exat so it an be written ddcg
for g a ontinuous funtion. We will need the following lemma:
Lemma 2.3 Any losed form α˜ of bidegree (1, 1) on π−1(U) suh that
∫
P
k−1
w
α˜∧ωk−2FS =
0 for all w is in fat exat.
Proof. We an assume that α˜ is real. Using Poinaré's lemma in the non-ompat
ase, the only obstrution would be that there exists a ompat oriented surfae S and
a smooth funtion f : S → π−1(U) suh that
∫
S f
∗(α˜) 6= 0. To simplify the notations,
assume that (0, 0) ∈ U . If i : π−1(U)× [0, 1]→ π−1(U) and j : π−1(U) → π−1(U) are
the maps dened by i((z : w : [u]), t) = (tz, tw, [u]) and j(z : w : [u]) = (0, 0, [u]), we
obtain by homotopy that
∫
S
(j ◦ f)∗(α˜) 6= 0 whih ontradits our hypothesis. 
End of the proof of Proposition 2.2. Let pw : P
k−1
w → π
−1(U) be the anonial
injetion. We denote by α˜w the form p
∗
w(α˜) on P
k−1
w . Observe that
∫
P
k−1
w
α˜ ∧ ωk−2FS =∫
P
k−1
w
α˜w ∧ ω
k−2
FS .
Then α˜w is a smooth exat form, hene it is dd
c
exat. So there exists a real
smooth funtion vw suh that dd
cvw = α˜w (observe that any solution of dd
cvw = α˜w
is smooth). Sine vw an be written via a kernel with oeients in L
1
smooth outside
the diagonal of (Pk−1w )
2
, we dedue that v(z, w, [u]) = vw([u]) is ontinuous in all
variables and smooth in the w variable. A more preise analysis of the singularities of
the kernel shows that its gradient has also oeients in L1 so v(z, w, [u]) is in C1 (see
the proof of Proposition 2.3.1 in [DS07b℄, we believe that we an hoose v smooth but
we do not know how to prove it). Still the urrent ddcv is represented by a ontinuous
form (we use the integral representation of v and the fat that α˜w is smooth hene
ontinuous in both variables). Replaing α˜ by Ω˜−ωFS([u])− dd
cv in π−1(U), we an
assume that α˜w = 0 for all w ∈ π2(U).
Using the previous lemma, we an write α˜ = dβ˜ where β˜ is a form in C1. We
deompose β˜ as β˜1,0 + β˜0,1, its (1, 0) and (0, 1) omponents. We dedue from the
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equation α˜ = dβ˜ that β˜0,1 is ∂¯-losed and sine α˜ is real β˜0,1 = β˜1,0. The form
p∗w(β˜0,1) is ∂¯-losed and ∂-losed sine 2∂β˜0,1 = α˜ (we use here that α˜w = 0). So
p∗w(β˜0,1) is a losed (0, 1)-form on P
k−1
: it is equal to zero.
We work in the hart where |u1| > 1/2maxi |ui| so we take u1 = 1. We onsider
the oordinates given by (Z1, . . . , Zn, w) where:
Z1 = z1, Z2 = z2/z1, . . . , Zk = zk/z1.
The form β˜0,1 an be written as
∑
i β˜idZi+
∑
i β˜
′
idwi and sine p
∗
w(β˜0,1) = 0, we have
that β˜i(0, Z2, . . . , Zk, w) = 0 for all i ≥ 2 while the other oeients are bounded.
Sine the oeients are in C1, we have that |β˜i| ≤ C|Z1| for i ≥ 2. Let β0,1 = π∗(β˜0,1),
then in the loal oordinates, it an be written:
β0,1 = β˜1dz1 +
∑
i≥2
β˜id(
zi
z1
) +
∑
i
β˜′idwi.
We write d(zi/z1) = dzi/z1 − zi/z
2
1dz1. Using the fat that the oeients β˜i are
bounded by C|z1| and |zi| < 2|z1| we get that β0,1 has oeients in L
∞
. In partiular,
β0,1 is a well dened (0, 1) urrent ∂¯-losed with L
∞
-oeients. So taking U stritly
pseudoonvex, we an solve ∂¯u = β0,1 with u a ontinuous funtion [HL84℄ (L
∞
is
enough for our purpose). Let g := −iπ(u − u¯) it is a real bounded funtion and it
satises the following identities for α := π∗(α˜) and β := π∗(α˜):
ddcg = ∂∂¯(u− u¯) = ∂β0,1 + ∂β1,0 = dβ = α = Ω− dd
c log |z| − ddcπ∗(v).
This implies that Ω = ddc(log |z|+ g − π∗(v)) and gives the proposition (π∗(v) is only
bounded). 
Let T ∈ Cp(X) with 1 ≤ p < k − 1 (there is nothing to be done for p = k − 1).
The urrent (π˜2)
∗(T ) ∧ Ω˜p+1 is a well dened element of Ck−1(X˜ ×X). It is of nite
mass and oinides with (π2)
∗(T ) ∧ Ωp+1 outside π˜−1(∆). So (π2)
∗(T ) ∧ Ωp+1 is well
dened on X ×X as the trivial extension over ∆ of the above urrent. Consequently,
the urrent:
TLS := (π1)∗((π2)
∗(T ) ∧ Ωp+1)
belongs to Ck−1(X). That gives us the following notion:
Denition 2.4 For p < k − 1, dene the Lelong-Skoda transform Lp from Cp(X) to
Ck−1(X) by:
Lp(T ) := TLS.
Of ourse, the operator Lp depends on the hoie of Ω˜.
3 Properties of the Lelong-Skoda transform
This setion is devoted to prove the following result:
Theorem 3.1 The Lelong-Skoda transform Lp is a ontinuous linear operator. In
partiular, there exists a onstant C > 0 suh that ‖Lp(T )‖ ≤ C‖T ‖. Moreover, it
preserves the Lelong number, i.e. Lp(T ) and T have the same Lelong number at every
point.
6
Sine the set Cp(X) is a onvex one, we should not speak of linear operator. Never-
theless, the transform Lp an be extended to a linear operator on the spae of urrents
spanned by positive losed urrents. For a urrent S whih is the dierene of positive
losed urrents, we an write:
‖S‖ := inf(‖T ′‖+ ‖T ′′‖)
where the inmum is taken over all the deompositions S = T ′−T ′′ where T ′ and T ′′
are positive losed urrents. We use the following lemma to prove the ontinuity:
Lemma 3.2 The transform Lp satises : Lp(T ) = (π˜1)∗((π˜2)
∗(T ) ∧ Ω˜p+1).
Proof. Sine Ω˜ is smooth, it is suient to show that (π˜2)
∗(T ) does not harge ∆˜.
The problem is loal so we let U be a hart of X × X in whih we onsider the
oordinates (z, w) suh that ∆ is given by z = 0 here and π2(z, w) = w. Then
π−1(U) = {(z, w, [u]) ∈ U × Pk−1, z ∈ [u]} and ∆˜ is given by z = 0 here, so π−1(U)
is loally a produt. So π˜2
∗
of a urrent is just integration on bers. We want to know
if (π˜2)
∗(T ) harges (z = 0) whih is impossible by Fubini's theorem. More preisely,
let Br denote the ball of enter 0 and radius r in C
k
. We an redue ourselves to the
ase where π−1(U) is of the form B̂r1 ×Br2 where B̂r1 is the blow-up of Br1 at z = 0.
Let ωdBr1
and ωBr2 denote Kähler form on B̂r1 and Br2 . Then:
‖(π˜2)
∗(T )‖cBr×Br2
=
(
k + p
k
)∫
Br2
T (w) ∧ ωpBr2
∫
cBr
ωkdBr1
=
(
k + p
k
)
‖T ‖Br2ω
k
dBr1
(B̂r).
And the lemma follows from letting r goes to 0. 
The lemma implies that Lp is a ontinuous linear operator sine Ω˜
p+1
is smooth and
pull-bak and push-forward by the submersions π˜1 and π˜2 are ontinuous operators on
(positive losed) urrents.
Proof of Theorem 3.1. We want to interpret the mass of µ at (0, 0) as in Lemma 2.1.
For that purpose, we will pull-bak some integrals on some suitable blow-ups of X×X
in order to desingularize the forms Ω, ddc log |x| and ddc log |(x, y)|.
Let p1 : X̂ ×X → X × X be the blow-up of X × X at (0, 0). Consider the system
of loal oordinates (z, w) in the neighborhood V × V of (0, 0) in X × X given by
(z, w) := (x− y, x) for (x, y) ∈ V × V . Then :
V̂ × V := p−11 (V × V ) = {(z, w, [u : v]) ∈ V × V × P
2k−1, (z, w) ∈ [u : v]},
where z = (z1, . . . , zk), w = (w1, . . . , wk), [u : v] = [u1 : · · · : uk : v1 : · · · :
vk]. In V̂ × V , there exists a smooth form that we denote by ωFS,2k−1 suh that
ddc log |(z, w)| = (p1)∗(ωFS,2k−1) (that is what we mean by desingularization). But
we annot do that for ddc log |w| nor for Ω so we need to blow-up one more.
Consider the smooth submanifold M of X̂ ×X given by {u = 0} ∪ {v = 0} in V̂ × V
and by p−11 (∆∪ ({0}×X)) outside V̂ × V . It is the disjoint union of two submanifolds
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whih are the strit transform of (z = 0) and (w = 0). In other words, the blow-up
p1 desingularizes the analyti set ∆ ∪ {x = 0}. Let p2 :
̂
X ×X → X̂ ×X denote the
blow-up of X̂ ×X along M . So:
̂
V × V := p−12 (V̂ × V ) = {(z, w, [u : v], [u
′], [v′]) ∈ (V × V )× P2k−1 × Pk−1 × Pk−1,
(z, w) ∈ [u : v], u ∈ [u′], v ∈ [v′]}.
Observe that z ∈ [u′]. So we an dene the holomorphi projetion P :
̂
X ×X →
X˜ ×X whih is the identity outside
̂
V × V and given in
̂
V × V by:
P : (z, w, [u : v], [u′], [v′]) 7→ (z, w, [u′]).
The form P ∗(Ω˜) is a well dened positive smooth form that we will simply write Ω˜.
Dene nally π′ : X˜ ×X
′
→ X ×X the blow-up of X ×X along {x = 0}. Observe
that w ∈ [v′]. So we an dene the holomorphi projetion P ′ :
̂
X ×X → X˜ ×X
′
whih is given in
̂
V × V by:
P ′ : (z, w, [u : v], [u′], [v′]) 7→ (z, w, [v′]).
Let ωFS,k−1 denote the smooth form on (π
′)−1(V ×X) whih is the pull-pak of the
Fubini-Study form on Pk−1 to (π′)−1(V ×X) (observe that there may not be a global
mapping X˜ ×X
′
→ X ×X × Pk−1 so we annot speak of ωFS,k−1 on X˜ ×X
′
). Then
the form (P ′)∗(ωFS,k−1) is a well dened positive smooth form on (p1 ◦ p2)
−1(V ×X)
that we will simply write ωFS,k−1.
We dene E := (p1 ◦ p2)
−1({(0, 0)}) = {((0, 0), [u : v], [u′], [v′]) ∈
̂
V × V } the ber of
(0, 0) in
̂
X ×X . Note that E an be onsidered as a blow-up of P2k−1 ≃ p−11 (0, 0)
along two disjoint subspaes of dimension k − 1. Let Π : E → P2k−1 be the anonial
projetion dened by:
Π : ([u : v], [u′], [v′]) 7→ [u : v].
So Π is just the restrition of p2 to E if we identify P
2k−1
to p−11 (0, 0). Finally let
π̂i := πi ◦ p1 ◦ p2.
We will need to regularize the urrents T and TLS in a neighborhood of 0. For that
we will regularize the urrent T and use the ontinuity of the Lelong-Skoda transform.
But in order to do that we have to regularize the urrent T in X and not only in
a neighborhood of 0 beause TLS is dened "globally". In the ase where X = P
k
,
smooth positive losed forms are dense in the spae of positive losed urrents. It is
not true in the ase of Kähler manifolds. Nevertheless, in [DS04b℄, the authors prove
the following regularization result:
Theorem 3.3 For a positive losed urrent T , there exist smooth positive losed forms
of bidegree (k−p, k−p), T+n and T
−
n suh that T
+
n −T
−
n onverges weakly to the urrent
T . Moreover, ‖T±n ‖ ≤ CX‖T ‖ where CX is a onstant independent of T .
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Let (T+n ) and (T
−
n ) be as in the theorem. Extrating if neessary, we suppose that
the sequenes onverge to T+ and T−. By ontinuity of the transform, we have
Lp(T
±
n ) → Lp(T
±). Reall that the funtion S → ν(S, 0) is a linear form on positive
losed urrents. So proving the theorem for T± gives the theorem for T . In partiular,
it is enough to onsider the ase where T is the limit in the sense of urrents of a
sequene (Tn) of smooth positive losed forms. We have ‖Tn‖ → ‖T ‖. Then we have
the lemma:
Lemma 3.4 The sequenes (‖π̂2
∗
(Tn)‖)n is bounded. In partiular, we an extrat a
subsequene of (π̂2
∗
(Tn)) that onverges to a luster value that we denote by T̂ .
Proof. The mass ‖π̂2
∗
(Tn)‖ depends only on the ohomology lass [Tn]. The lemma
follows sine the ohomology lass [Tn] is ontrolled by the mass of Tn whih is bounded
with n. 
The urrent T̂ is positive losed as a limit of positive losed urrents. As in the
ase of the Lelong number, the urrent T̂ is not unique. Despite that fat, we will
show that the mass of T̂ on the set E is independent of the hoie of (Tn) and T̂ . More
preisely, let T̂|E denote the restrition of T̂ at E. We have the following proposition
whih is the key of our proof:
Proposition 3.5 The Lelong number ν(TLS, 0) is equal to the mass of the urrent
(Π)∗(T̂|E) on Π(E) = p
−1
1 (0, 0).
Lemma 3.6 Let S be a smooth positive losed form of bidimension (p, p) in X then
Lp(S) is a ontinuous positive losed form of bidegree (1, 1). Furthermore:
Lp(S) = π̂1∗(π̂2
∗
(S) ∧ Ω˜p+1).
Proof. The rst part of the lemma follows from the fat that Ωp+1 has oeients in
L1. The seond assertion is a onsequene of the fat that p < k − 1 hene Ωp+1 does
not harge ∆. 
We leave as an exerie to the reader the fat that Tn is in fat smooth: it is a
onsequene of the fat that π˜1 and π˜1 are submersion. Nevertheless, ontinuity is
suient for our purpose. We have the lemma:
Lemma 3.7 With the above notations:
ν(TLS , 0) = lim
r→0
lim
n→∞
ν(Lp(Tn), 0, r).
Proof. We argue as in the proof of Lemma 2.1: we use an approximation of the loga-
rithm, Stokes formula and weak onvergene. 
Sine Lp(Tn) is ontinuous, using Lemma 3.6 we have that:
ν(Lp(Tn), 0, r) =
∫
Br
π̂1∗(π̂2
∗
(Tn) ∧ Ω˜
p+1) ∧ (ddc log |x|)k−1.
We have that (ddc log |x|)k−1 = π̂1∗(ω
k−1
FS,k−1) and π̂1
∗
((ddc log |x|)k−1) = ωk−1FS,k−1
outside (p1 ◦ p2)
−1(x = 0) (that is outside w = 0 in the new oordinates). Let
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0 < r′ < r, we have that:∫
Br\Br′
π̂1∗(π̂2
∗
(Tn) ∧ Ω˜
p+1) ∧ (ddc log |x|)k−1 =∫
cpi1
−1(Br\Br′ )
π̂2
∗(Tn) ∧ Ω˜
p+1 ∧ ωk−1FS,k−1.
So we laim that:
ν(Lp(Tn), 0, r) =
∫
cpi1
−1(Br)
π̂2
∗
(Tn) ∧ Ω˜
p+1 ∧ ωk−1FS,k−1. (3)
Indeed, the urrent π̂1∗(π̂2
∗(Tn) ∧ Ω˜
p+1) ∧ (ddc log |x|)k−1 does not harge 0 and the
urrent π̂2
∗(Tn) ∧ Ω˜
p+1 ∧ ωk−1FS,k−1 does not harge w = 0.
Consider the smooth form L dened by:
L := Ω˜p+1 ∧ ωk−1FS,k−1.
As in the proof of Lemma 2.1, letting n→∞ in (3) we have:∫
cpi1
−1(Br)
T̂ ∧ L ≤ lim
n→∞
ν(Lp(Tn), 0, r) ≤
∫
cpi1
−1(B2r)
T̂ ∧ L.
In fat we have the equality
∫
cpi1
−1(Br)
T̂ ∧L = limn→∞ ν(Lp(Tn), 0, r) for r generi but
we only need the previous inequalities. Combining this with Lemma 3.7, we have the
equality:
ν(TLS , 0) = lim
r→0
∫
cpi1
−1(Br)
T̂ ∧ L = ‖T̂ ∧ L‖cpi1−1(0).
The next lemma shows that the mass is in fat onentrated on E.
Lemma 3.8 With the above notations ν(TLS , 0) is the mass of T̂ ∧ L on E.
Proof. Let W be a small neighborhood of E in
̂
X ×X. It is suient to show that
the urrent T̂ does not harge the set π̂1
−1
(0)\W . We argue as in Lemma 3.2 taking
advantage of the fat that π̂2
∗
of a urrent is given here by integration on bers whih
are transverse to π̂1
−1
(0). Of ourse, in W the geometry is more ompliated and
there π̂1 is not a submersion. 
End of the proof of Proposition 3.5. On Π(E), the urrents Π∗(L|E), Π∗(Ω˜
p+1
|E ) and
Π∗((ω
k−1
FS,k−1)|E) are well dened and have no mass on Π(M) beauseM is of dimension
k− 1 and the bidimension of Π∗(Ω˜
p+1
|E ) and Π∗((ω
k−1
FS,k−1)|E) is at least k and the sin-
gularities are in two disjoint subvarieties (Π∗(Ω˜
p+1
|E ) is smooth where Π∗((ω
k−1
FS,k−1)|E)
is singular and vie versa). Furthermore, Π∗(L|E) = Π∗(Ω˜
p+1
|E )∧Π∗((ω
k−1
FS,k−1)|E). On
Π(E), the measure Π∗(T̂|E ∧ L|E) is well dened as its trivial extension over E of its
restrition to E\M . Indeed, T̂|E does not harge the set (p2)
−1(M) (it is the same
argument as in Lemma 3.2). In partiular, the measure is equal to Π∗(T̂|E)∧Π∗(L|E)
and, by Lemma 3.8, its mass is equal to ν(TLS , 0).
Then the mass of the measure an be omputed in ohomology sine for positive
losed urrents in P2k−1 the mass of a wedge produt is the produt of the masses.
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Let F be a subspae of C2k and onsider the orthogonal projetion from C2k to F . It
indues a meromorphi map σF : P
2k−1
99K P(F ). Then for a positive losed urrent
S of mass m on P(F ), the pull-bak σ∗F (S) is well dened and of mass m (see Setion
1 in [Méo98℄). Applying this to P(F1) = [v = 0] and P(F2) = [u = 0] we obtain that
Π∗(L|E) = Π∗(Ω˜
p+1
|E ) ∧ Π∗((ω
k−1
FS,k−1)|E) is of mass 1. Indeed Ω˜
p+1
|E is by denition
Ω˜p+1|E (0, 0, [u
′]). So
Π∗(Ω˜
p+1
|E ) = σ
∗
F1(Ω˜
p+1),
sine the equality is true outside P(F2) and both sides of the equality give no mass to
P(F2). Similarly:
Π∗((ω
k−1
FS,k−1)|E) = σ
∗
F2(ω
k−1
FS,k−1).
And our normalization of Ω˜ implies that Π∗(Ω˜
p+1
|E ) is of mass 1 so Π∗(L|E) is of mass
1. Then ν(TLS , 0) an be interpreted as the mass of Π(E) for the urrent Π∗(T̂|E)
whih is also the mass of (p2)∗(T̂ ) on Π(E). 
End of the proof of Theorem 3.1. The Lelong number ν(T, 0) is the same than the
Lelong number ν(π∗2(T ), (0, 0)) (more generally, the Lelong numbers of the pull-bak
of a urrent by a submersion are preserved by Proposition (2.3) in [Méo98℄). This and
Lemma 2.1 applied to T˜ := (p2)∗(T̂ ) = limn p
∗
1(Tn) imply that ν(T, 0) is the mass of
Π(E) for the urrent (p2)∗(T̂ ) (we use that (p2)∗(p2)
∗ = id). Proposition 3.5 implies
the result. 
Several remarks are in order here.
Remark 3.9 The transform Lp is ompatible with the ohomology, that is if T and T
′
are ohomologuous on Hp,p(X,C) so are Lp(T ) and Lp(T
′) by Lemma 3.2. Indeed, if
T = T ′+ddcα with α of bidegree (k−p−1, k−p−1) then sine the π˜i are submersions
and Ω˜ is losed we have:
Lp(T )− Lp(T
′) = ddc(π˜1∗(π˜2
∗(α) ∧ Ω˜p+1)).
Remark 3.10 The hoie Ω˜p+1 an be replaed by a strongly positive losed smooth
form Θ on X˜ ×X of bidegree (p+1, p+1) suh that the mass of Θ∧ [π−12 (y)] is equal
to 1 for any y (this mass is a onstant for ohomologial reasons, so we just have to
normalize it).
Remark 3.11 The same method allows us to prove that: "for any urrent T of bidi-
mension (p, p) (p < k− 1) and any p < q ≤ k− 1, there exists a positive losed urrent
Tq of bidimension (q, q) depending ontinuously and linearly of T whih has the same
Lelong number as T at every point".
4 Generalized Demailly's inequality
Using Theorem 3.1, we follow the argument of Méo ([Méo98℄) to prove Theorem 1.1.
We use the notations of the introdution. Demailly proved the following regularization
result:
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Theorem 4.1 ([Dem92b℄) Let S be a positive losed urrent of bidegree (1, 1) on a
ompat Kähler manifold X. Let ϕ be a quasi-psh funtion suh that S = α + ddcϕ
where α is a smooth (1, 1) form. Then for all c > 0, there exists a dereasing sequene
(ϕc,l)l≥1 of funtions onverging to ϕ suh that:
• ϕc,l is smooth outside X\Ec ;
• ddcϕc,l + α+A‖S‖ω ≥ 0 where A is a onstant that depends only on X and ω;
• for all x ∈ X, ν(ϕc,l, x) = (ν(ϕ, x) − c)+ := max(ν(ϕ, x) − c, 0).
We apply that result for S = TLS. The urrent:
T ∧ (ddcϕcp−1,l + α+A‖S‖ω) ∧ · · · ∧ (dd
cϕcq,l + α+A‖S‖ω)
is well dened by the theory of intersetion of urrents (see [Dem93℄ and [FS95℄)
beause for cj > bj, the set of points at whih ϕcj ,l is not bounded is ontained in
Ecj ,l whih is of dimension less or equal to j. Using [Dem97, Corollary (7.9) p. 194℄,
its Lelong number at x is greater or equal than:
ν(T, x)(ν(T, x) − cp−1)+ . . . (ν(T, x)− cq)+.
Siu's theorem [Siu74℄ implies that this urrent is greater than:∑
n
νq,n(νq,n − cp−1)+ . . . (νq,n − cq)+[Zq,n].
Observe that the mass of the urrent ddcϕc,l+α+A‖T ‖ω ≥ 0 is equal to (1+A)‖T ‖.
So taking the masses gives:∑
n
νq,n(νq,n − cp−1)+ . . . (νq,k − cq)+‖[Zq,n]‖ ≤ C‖T ‖
p−q+1.
Theorem 1.1 follows from letting the cj go to bj.
5 Transformation of pluriharmoni urrents
We want to generalize the results of Setions 2 and 3 to the ase of pluriharmoni
urrents. One again we write "linear operator" on a onvex one instead of an ane
operator on a onvex one whih extends to a linear operator on the vetor spae it
spans.
Theorem 5.1 The Lelong-Skoda transform Lp is a well dened linear ontinuous op-
erator from the one of positive pluriharmoni urrents of bidimension (p, p) (p < k−1)
to the one of positive pluriharmoni urrents of bididegree (1, 1). The transform pre-
serves Lelong numbers.
Reall that a positive urrent T of bidimension (p, p) is said to be pluriharmoni if
ddcT = 0 in the sense of urrents (see [FS05℄). For suh urrent, Skoda proved that
the Lelong number is well dened (Proposition 1 in [Sko82℄). More preisely, let T be
a positive pluriharmoni urrent of bidimension (p, p) in an open set U of Ck. Then,
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for x in U , we have that the positive measure T (y)∧ (dyd
c
y log |x− y|)
p
is well dened
on U\{x} sine log |x− y| is smooth here. And for 0 < r1 < r2 we have the identity:
1
rp2
∫
|x−y|<r2
T (y) ∧ (
1
2
ddc|y|2)p −
1
rp1
∫
|x−y|<r1
T (y) ∧ (
1
2
ddc|y|2)p =∫
r1<|x−y|<r2
T (y) ∧ (dyd
c
y log |x− y|)
p. (4)
In partiular, the non negative quantity
1
rp
∫
|x−y|<r
T (y) ∧ (12dd
c|y|2)p dereases with
r to a number ν(T, x) alled the Lelong number of T at x. Let (Tn) be a sequene of
smooth positive pluriharmoni urrents onverging to T in the sense of urrents in a
neighborhood of x. Then sine limn→∞ Tn(y) ∧ (
1
2dd
c|y|2)p → T (y) ∧ (12dd
c|y|2)p in
the sense of measures, we have for r generi that:
lim
n→∞
1
rp
∫
|x−y|<r
Tn(y) ∧ (
1
2
ddc|y|2)p →
1
rp
∫
|x−y|<r
T (y) ∧ (
1
2
ddc|y|2)p.
For Tn smooth, we an let r1 goes to 0 in Skoda's formula (4) and we see that:
1
rp
∫
|x−y|<r
Tn(y) ∧ (
1
2
ddc|y|2)p =
∫
|x−y|<r
Tn(y) ∧ (dyd
c
y log |x− y|)
p.
Combining the last two equalities gives:
ν(T, x) = lim
r→0
lim
n→∞
∫
|x−y|<r
Tn(y) ∧ (dyd
c
y log |x− y|)
p. (5)
In the ase of pluriharmoni urrents, we have the following integration by parts for-
mula (see [Dem93℄) :
Lemma 5.2 Let T be a pluriharmoni urrent of bidimension (p, p) on U ⊂ X and f
be a smooth form of bidegree (p− 1, p− 1) equal to zero near ∂U , then:∫
U
T ∧ ddcf = 0.
One again, the Lelong number at a point does not depend on the hoie of oordinates
(see [AB96℄ for the proof in a more general setting of pluriharmoni urrents), so we
an speak of Lelong numbers on a manifold. Lemma 2.1 still applies for positive
pluriharmoni urrents. That is: if ı : X̂ → X is the blow-up of X at x and T̂ is a
luster value of the sequene ı∗(Tn), then the mass of T̂ on the exeptional divisor is
equal to the Lelong number ν(T, x) (the proof is exatly the same using formula (5)).
Now we dene in the same way Lp(T ) whih is a well dened positive pluriharmoni
urrent of bidegree (1, 1). Observe that the arguments of Setion 3 remain valid so we
an onlude in the same way.
Let us mention the points where the argument need some modiations. In [DS04b℄,
the authors also prove Theorem 3.3 for positive pluriharmoni urrents. In Lemma 3.7,
we use the previous argument instead of Stokes formula: we use formula (5) applied
to Lp(Tn) instead of formula (2) (Lp(Tn) is ontinuous and not smooth but that is
enough here). To prove that the measures T|E ∧L|E and T|E ∧ω
k+p
FS,2k−1 have the same
mass, observe that ωk+pFS,2k−1 and L|E are ohomologous sine they have the same mass
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so ωk+pFS,2k−1 − L|E = dd
cf where f is a form with oeient in L1. And we onlude
using the previous integration by part formula.
In an open set U of Ck, it is not true that the set Ec = {z ∈ U, ν(T, y) > c} is analyti
for a pluriharmoni urrent T . Indeed, onsider in C2 the urrent T = h(z1)[z2 = 0]
where h is a non-onstant non-negative harmoni funtion in C and [z2 = 0] is the
urrent of integration on {z2 = 0}. In a ompat manifold, any pluriharmoni funtion
is onstant. That raises the question:
Open problem (Dinh): Let T be a positive pluriharmoni urrent on a ompat
Kähler manifold (X,ω). Does Siu's theorem still hold for T , i.e. is Ec analyti for
c > 0?
A relative result was proved in [DL03℄ in the ase of retiable urrents. The
previous theorem simplies the question to the ase of bidegree (1, 1).
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